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The Barrier Surface in the Cooperative Football Differential Game
Eloy Garcia, David W. Casbeer, and Meir Pachter
Abstract— This paper considers the blocking or football
pursuit-evasion differential game. Two pursuers cooperate and
try to capture the ball carrying evader as far as possible from
the goal line. The evader wishes to be as close as possible to
the goal line at the time of capture and, if possible, reach
the line. In this paper the solution of the game of kind is
provided: The Barrier surface that partitions the state space
into two winning sets, one for the pursuer team and one for the
evader, is constructed. Under optimal play, the winning team
is determined by evaluating the associated Barrier function.
Keywords: Differential games, cooperative control,
pursuit-evasion.
I. INTRODUCTION
Determining the outcome of the conflict ahead of time
is a one of the most important problems in pursuit-evasion
differential games. This is commonly known as solving the
game of kind and it provides the answer to which team or
player wins the game under optimal play given the current
state. Pursuit-evasion conflicts are representative of many
important but challenging problems in aerospace, control,
and robotics [1]. Many different pursuit-evasion conflicts
were formulated in the seminal work by Isaacs [2]. Two
important concepts were introduced in [2]: the game of kind
and the game of degree. The solution to the latter provides
the actual players’ strategies that achieve the prescribed
outcome provided by the solution of the game of kind.
Recent authors have investigated different approaches to
pursuit-evasion games which rely on geometric constructs
[3], [4] or using discrete-time analysis and matrix games
[5], [6]. A differential game framework is generally desired
[7], but is often avoided due to the perceived challenges
in solving the Hamilton-Jacobi-Isaacs (HJI) equation [4]. In
reach and avoid games [8], the HJI is solved numerically
and computation time significantly increases as the state
dimension increases. Reach and avoid games where an
evader strives to reach a goal set while the pursuer tries to
intercept the evader before it reaches the goal, include the
capture the flag game [9], [10], [11], defending a moving
target [12], [13], [14], [15], [16] or static asset [17], [18],
[19], and assisting and rescuing teammates [20], [21].
In this paper we revisit the football differential game where
two cooperating pursuers try to capture an evader who aims
to reach the goal line. This problem was addressed in [22],
but only the game of degree was solved; it was assumed that
the game starts in the region of win of the pursuers. This
problem has immediate applications to border defense using
autonomous vehicles [23], [24]. In the present paper the
game of kind is solved; the solution provides the answer to
which team wins the game under optimal play. Additionally,
when the pursuer team wins we provide the mode of capture
in the optimal outcome: single pursuer capture or dual
pursuer cooperative capture. The game of kind has been
recently addressed in [25] which only considered the case
where the pursuers are faster than the evader but the pursuers
have the same speed between them. This paper offers several
improvements compared to [25]: In this paper we consider
two scenarios: 1) the case where the evader is not slower than
the pursuers but it has the same speed and 2) the case where
the pursuers are faster. In the latter, we generalize to the
case where the pursuers have different speeds. We provide
explicit expressions of the Barrier surface and also of the
cross-sections of the Barrier surface. We do this by defining
the type of curves while [25] used less explicit ‘base curves’;
these ‘base curves’ only describe conditions for capture at
the goal line without explicitly describing their geometric
properties. Similarly, we determine the Barrier surface which
is a surface on a higher dimensional state space. For instance,
for two pursuers and one evader, the dimension of the state
space is six. Then, a cross-section of the Barrier surface can
be projected into the 2D plane by fixing the positions of the
pursuers. The main advantage with respect to [25] is that
we solve for an explicit expression of the Barrier surface
without the use of ‘base curves’. This feature allows for
simpler and more explicit expressions that highlight their
geometric properties.
The paper is organized as follows. The problem is for-
mulated in Section II. The Barrier surface when all players
have the same speed is obtained in Section III and for fast
pursuers with different speeds in Section IV. Conclusions are
drawn in Section V.
II. THE FOOTBALL PURSUIT-EVASION DG
Consider the three agents E, P1, and P2 with max speeds
given by vE , v1, and v2. The states of E, P1, and P2 are
xE = (xE , yE), x1 = (x1, y1), and x2 = (x2, y2). Let
x := (xE , yE, x1, y1, x1, y1) ∈ R6 (1)
denote the complete state of the differential game. The
control variable of E is uA = {φ}, its heading angle.
Players P1 and P2 form a team and they cooperatively choose
their respective headings uB = {ψ1, ψ2}. The dynamics
x˙ = f(x, uA, uB) are specified by the system of differential
equations
x˙E = vE cosφ, xE(0) = xE0
y˙E = vE sinφ, yE(0) = yE0
x˙1 = v1 cosψ1, x1(0) = x10
y˙1 = v1 sinψ1, y1(0) = y10
x˙2 = v2 cosψ2, x2(0) = x20
y˙2 = v2 sinψ2, y2(0) = y20
(2)
where the admissible controls are the players’ headings
φ, ψ1, ψ2 ∈ [−pi, pi] and
x0 := (xE0 , yE0 , x10 , y10 , x20 , y20) = x(t0) (3)
is the initial state. The game is played in a rectangular region
Ω ⊂ R2 of the Cartesian plane and without loss of generality
we have Ω :=
{
x, y|x ∈ [0, x¯], y ≥ 0}, where x¯ is a specified
parameter. The goal line is G :=
{
x, y ∈ Ω|y = 0}. With
respect to the information constraints, every agent knows
the dynamics (2). It is assumed that the agents use causal
strategies and that every agent has access to the state x at
the current time t, that is, the capture game is a perfect
information differential game; the optimal strategies will be
state feedback strategies. Finally, and most importantly, we
assume that the agents do not know the opponent’s current
decision, we assume non-anticipative strategies.
The game terminates if yE = 0 and the evader wins by
reaching the goal line G before being captured by any of the
pursuers. The game also terminates if any of the pursuers
captures the evader, where point capture is considered. The
terminal set is then given by
T := { x |yE = 0
} ∪ { x |x1 = xE , y1 = yE
}
∪{ x |x2 = xE , y2 = yE
}
.
(4)
We refer to the pursuer capturing the evader as the active
pursuer. If simultaneous capture occurs then both pursuers
are active. Thus, a complete solution of the game of kind
will be achieved by determining capture conditions and the
pursuer which will capture the evader under optimal play.
In reference [22] the game of degree was addressed
assuming the state of the game is in the region of win of
the pursuers, that is, the pursuers are guaranteed to capture
the evader, provided they play optimlly. The players try to
minmax the terminal separation from the capture point to the
goal line. However, the Barrier surface was not constructed
and it was not possible in [22] to evaluate if capture is in
fact possible. This paper fully addresses this problem by
obtaining the analytical Barrier surface that separates the
parties regions of win in the state space. The state space R6
is partitioned into two sets: Rp and Re which are defined
as follows
Rp :=
{
x | B(x) < 0}
Re :=
{
x | B(x) > 0} (5)
and the Barrier surface, which separates the two sets Rp and
Re, is specified by
B := { x | B(x) = 0} (6)
where the Barrier function B(x) is explicitly obtained for
each of the two cases analyzed in this paper in Sections III
and IV.
III. SAME SPEED PLAYERS
The case where all agents have the same speed is con-
sidered first. We assume, without loss of generality, that
x1 < x2, that is, P2 is located to the right of P1 in Fig.
1.
Theorem 1: Consider the cooperative football differential
game with two pursuers and one evader. The Barrier surface
is given by B(x) = 0 where B(x) consists of three different
segments
B(x) =


B1(x), if xE ≤ x1
B2(x), if x1 < xE < x2
B3(x), if xE ≥ x2
(7)
each segment is explicitly given in terms of the state by
B1(x) = x
2
1 + y
2
1 − x2E − y2E
B2(x) = (x1 − xI)2 + y21 − (xE − xI)2 − y2E
B3(x) = (x2 − x¯)2 + y22 − (xE − x¯)2 − y2E
(8)
where xI =
1
2
x2
2
+y2
2
−x2
1
−y2
1
x2−x1
.
Proof. The dominance regions between two players with the
same speed are separated by the orthogonal bisector (OBS)
of the line connecting the positions of the players. Consider
the first case where xE ≤ x1. In this case, only P1 is active
and the OBS of the segment P1E is given by the line y =
m1x+ n1 where
m1 = −x1−xEy1−yE
n1 =
1
2
x2
1
+y2
1
−x2
E
−y2
E
y1−yE
.
(9)
The Barrier surface is obtained when the line y = m1x+n1
intersects the x-axis at x = 0. Making these substitutions we
have
0 = m1(0) + n1
⇒ n1 = 0. (10)
Substituting (9) into (10) we obtain that the Barrier surface
is B1(x) = 0 where B1(x) is given in (8).
The second case is when x1 < xE < x2 and both pursuers
are active. The OBS of the segment P1P2 is given by the
line y = mx+ n, where
m = −x2−x1
y2−y1
n = 12
x2
2
+y2
2
−x2
1
−y2
1
y2−y1
.
(11)
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Fig. 1. Examples of cross-section of Barrier surface: a) Same speed players.
b) Fast pursuers
Let the intersection point between the line y = mx+ n and
the x-axis be denoted by I = (xI , 0) where xI is obtained
as follows
0 = mxI + n
⇒ xI = − nm = 12
x2
2
+y2
2
−x2
1
−y2
1
x2−x1
.
(12)
Simultaneous capture of E by P1 and P2 occurs at the
intersection of the OBS of the segment P1E and the OBS of
the segment P2E, where the latter is given by y = m2x+n2
where
m2 = −x2−xEy2−yE
n2 =
1
2
x2
2
+y2
2
−x2
E
−y2
E
y2−yE
.
(13)
Since the players have the same speed all lines y = mx+n,
y = m1x + n1, and y = m2x + n2 intersect at the same
point. The Barrier surface is obtained when the intersection
point is given by I = (xI , 0); then, we have that
0 = m1xI + n1
= −2(x1 − xE)xI + x21 + y21 − x2E − y2E
(14)
adding and subtracting x2I to (14) we have the Barrier surface
B2(x) = 0 where B2(x) is given in (8).
Finally, the third case is when xE ≥ x2 and only P2 is
active. The Barrier surface is obtained when the line y =
m2x+ n2 intersects the point (x¯, 0)
0 = m2x¯+ n2
= −2(x2 − xE)x¯+ x22 + y22 − x2E − y2E
and the Barrier surface is B3(x) = 0 where B3(x) is given
in (8). 
Note that the Barrier surface B(x) = 0 is a surface in
the sixth-dimensional state space R6. In the first and third
cases only one of the pursuers is active and the state of the
other pursuer is not relevant. In the second case all states
are necessary, note that xI is a function of the states of both
pursuers. It is also possible to address a particular case, as
it was done in [25], where the positions of the pursuers are
fixed; then, a cross-section of the Barrier surface is obtained
and can be illustrated in the 2D plane.
Corollary 1: For given positions of P1 and P2, the cross-
section of the Barrier surface is given by arc segments
corresponding to three different circles
x2 + y2 = x21 + y
2
1 , if x ≤ x1
(x−xI)2 + y2 = (x1−xI)2 + y21 , if x1 < x < x2
(x−x¯)2 + y2 = (x2−x¯)2 + y22 , if x ≥ x2

Figure 1.a shows an example of the cross-section of the
Barrier surface for given positions of the pursuers. The
projection of the sets Re and Rp into the 2D plane is
also illustrated in Fig. 1.a; they are denoted, respectively,
by Re and Rp. If the evader is initially located in Rp then,
under optimal play, it will be captured by the pursuer team.
However, if the evader is initially located in Re then it will
be able to reach the goal line before being captured by any
of the pursuers.
IV. FASTER PURSUERS
In this section the case where the evader is slower than the
pursuers is addressed. Define the speed ratios γ1 = vE/v1 <
1 and γ2 = vE/v2 < 1. We consider in general the case
where γ1 6= γ2, that is, the pursuers have different speeds.
We assume, without loss of generality, that P2 is faster than
P1, hence γ = v1/v2 < 1.
Theorem 2: Consider the cooperative football differential
game with two fast pursuers and one evader. The Barrier
surface is given by B(x) = 0 where B(x) consists of five
different segments
B(x) =

B1(x), if xE ≤ γ21x1
B2(x), if γ
2
1x1 < xE ≤ (1−γ21)xI + γ21x1
B3(x), if (1−γ21)xI+γ21x1 < xE ≤ (1−γ22)xI+γ22x2
B4(x), if (1−γ22)xI+γ22x2 < xE ≤ (1−γ22)x¯+γ22x2
B5(x), if xE > (1−γ22)x¯ + γ22x2
(15)
each segment is explicitly given in terms of the state by
B1(x) = γ
2
1(x
2
1 + y
2
1)− x2E − y2E
B2(x) = γ
2
1
(
x21 + (1−γ21)y21
)
+ γ21x
2
E − (1−γ21)y2E
−2γ21x1xE
B3(x) = γ
2
1
(
(x1 − xI)2 + y21
)− (xE − xI)2 − y2E
B4(x) = γ
2
2
(
x22 + (1−γ22)y22
)
+ γ22x
2
E − (1−γ22)y2E
−2γ22x2xE
B5(x) = γ
2
2
(
(x2 − x¯)2 + y22
)− (xE − x¯)2 − y2E
(16)
where now
xI =
x1−γ
2x2+
√
γ2(x1−x2)2−(1−γ2)(y21−γ
2y2
2
)
1−γ2 .
(17)
Proof. Since the pursuers are faster than the evader, now
the dominance regions between each pair of players are
separated by an Apollonius circle. The Apollonius circle
between E and P1 is given by
(x− a1)2 + (y − b1)2 = r21 (18)
where
a1 =
1
1−γ2
1
(xE − γ21x1)
b1 =
1
1−γ2
1
(yE − γ21y1)
r1 =
γ1
1−γ2
1
√
(xE−x1)2 + (yE−y1)2.
When xE ≤ γ21x1 only P1 is active and the Barrier surface
is obtained when the EP1 Apollonius circle intersects the
x-axis at x = 0. Hence, (18) becomes a21 + b
2
1 = r
2
1 . We
can write this expression explicitly in terms of the state as
follows
γ21(1− γ21)(x21 + y21)− (1− γ21)(x2E + y2E) = 0
cancelling the common factor (1−γ21) we obtain the Barrier
surface B1(x) = 0 where B1(x) is given in (16).
The second case is when γ21x1 < xE ≤ (1−γ21)xI +γ21x1
holds. In this case P1 is still the only active pursuer but now
the Barrier surface is obtained when the EP1 Apollonius
circle is tangent to the x-axis. The point of tangency is such
that x = a1 and y = 0. From (18), we then have that b1 −
r1 = 0; this is equivalent to
yE−γ
2
1
y1−γ1
√
(xE−x1)2+(yE−y1)2
1−γ2
1
= 0
⇒ y2E + γ41y21 = γ21(x2E + y2E + x21 + y21 − 2x1xE).
Rearranging the terms of the previous expression we obtain
the Barrier surface B2(x) = 0 where B2(x) is given in (16).
Simultaneous capture of E by both pursuers occurs when
(1−γ21)xI+γ21x1 < xE ≤ (1−γ22)xI+γ22x2 and E is captured
at the intersection of the EP1 and the EP2 Apollonius
circles. The latter is given by
(x− a2)2 + (y − b2)2 = r22 (19)
where
a2 =
1
1−γ2
2
(xE − γ22x2)
b2 =
1
1−γ2
2
(yE − γ22y2)
r2 =
γ2
1−γ2
2
√
(xE−x2)2 + (yE−y2)2.
We also note that a third circle, the P1P2 Apollonius circle,
intersects the other two at the same intersection points. The
P1P2 Apollonius circle is given by
(x− a)2 + (y − b)2 = r2 (20)
where
a = 11−γ2 (x1 − γ2x2)
b = 11−γ2 (y1 − γ2y2)
r = γ1−γ2
√
(x1−x2)2 + (y1−y2)2.
The Barrier surface is obtained when the intersection point
is given by I = (xI , 0); then, using (20) we have
x2 − 2ax+ a2 + b2 − r2 = 0 (21)
where the applicable solution of (21) is
xI = a+
√
r2 − b2 (22)
substituting the values of a, b, and r into (22) we obtain xI
explicitly in terms of the state as given in (17). To determine
the Barrier surface we can use (17) and the EP1 Apollonius
circle so we have (xI −a1)2+ b21 = r21 which can be written
as follows
(
(1 − γ1)xI − (xE − γ21x1)
)2
+ (yE − γ21y1)2
= γ21
(
(xE − x1)2 + (yE − y1)2
)2
which can be written as
γ21(x
2
1 + y
2
1) + 2xI(xE − γ21x1)
−(1− γ21)x2I − x2E − y2E = 0
and, rearranging terms, we obtain the Barrier surface
B3(x) = 0 where B3(x) is given in (16).
The fourth case occurs when (1−γ22)xI+γ22x2 < xE ≤
(1−γ22)x¯+γ22x2 and only P2 is active. The Barrier surface
is obtained when the EP2 Apollonius circle is tangent to
the x-axis. This case is similar to the second case and the
Barrier surface is B4(x) = 0 where B4(x) is given in (16).
Finally, when xE > (1−γ22)x¯ + γ22x2, the Barrier surface
is obtained when the EP2 Apollonius circle intersects the
x-axis at x = x¯. This case is similar to the first case and the
Barrier surface is B5(x) = 0 where B5(x) is given in (16).

Similar to the case of same speed players, the Barrier
surface B(x) = 0 is a surface in the sixth-dimensional state
space R6 and we can fix the positions of the pursuers in
order to obtain a cross-section of the Barrier surface which
can be illustrated in the 2D plane.
Corollary 2: For given positions of P1 and P2, the cross-
section of the Barrier surface is given by arc segments
corresponding to three different circles and the arc segments
of two different hyperbolas
x2 + y2 = γ21(x
2
1 + y
2
1)
if x ≤ γ21x1;
γ21x
2 − (1−γ21)y2 − 2γ21x1x+ γ21
(
x21 + (1−γ21)y21
)
= 0
if γ21x1 < x ≤ (1−γ21)xI + γ21x1;
(x − xI)2 + y2 = γ21
(
(x1 − xI)2 + y21
)
if (1−γ21)xI+γ21x1 < x ≤ (1−γ22)xI+γ22x2;
γ22x
2 − (1−γ22)y2 − 2γ22x2x+ γ22
(
x22 + (1−γ22)y22
)
= 0
if (1−γ22)xI+γ22x2 < x ≤ (1−γ22)x¯+γ22x2;
(x − x¯)2 + y2 = γ22
(
(x2 − x¯)2 + y22
)
if x > (1−γ22)x¯+ γ22x2.

Figure 1.b shows an example of the cross-section of the
Barrier surface for given positions of the pursuers. Similarly,
the projection of the sets Re and Rp into the 2D plane is
also illustrated in Fig. 1.a; they are denoted, respectively, by
Re and Rp.
Remark. The same approach can be extended to consider
more than two pursuers against one evader in a straight-
forward manner. When more than one evader is considered,
tractability calls for the assignment of pursuers to evaders to
be performed in order to obtain the Barrier surface particular
to that assignment. Assignment is necessary to prevent a
pursuer trying to simultaneously pursue more than one evader
which renders the herein constructed Barrier surface invalid
and the solution of the attendant multi-player differential
game intractable.
V. CONCLUSIONS
The game of kind of the cooperative football differential
game was solved: The Barrier surface that separates the
teams’ winning regions is constructed. Compared to previous
work, the Barrier surface has been explicitly obtained in
closed form. The cross-sections of the Barrier surface have
been characterized in a simple way in terms of quadratic
curves: circles and hyperbolae. The more general case of fast
pursuers with different speeds has been addressed together
with the classic case where all players, including the evader,
have the same speed.
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